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Section |

5 marks.

Attempt Questions 1-5.

Allow about 8 minutes for this section.

Use the multiple-choice answer sheet for Questions 1-5.

1 Which of the following is the value of cos™(cos @) if 7 < a < 2*?

A a

B. —-nT+a
C 2r—a
D —2m+a

2 The diagram shows the graph of the function y = f (x).

What is the range of y=

A. (—oo,—% }u( %,oo)
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3 In how many ways the letters of the word NALGONDA can be arranged if the letters G, O and D occur in the
same order (G before O and O before D)?

A. 840
B 1260
C. 1680
D 6720
4 Each one of these two stars is to be placed at random on a vertex

of an octagon.

What is the probability that these two stars will be placed on a diagonal?

A 2
-
B 1
4
c. L
10
p. ~
14
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> The function f(X)=—y1—-+1+X hasan inverse f(x).

The graph of y = f*(x) forms part of the curve y = x* —2x°.

The diagram shows the curve y = x* —2x°.

y

End of Section |
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Section 11

48 marks.

Attempt Questions 6-9.

Allow about 82 minutes for this section.
Start each question on a new piece of paper.

Question 6 Begin answer on a new piece of paper 11 Marks

@ Solve the inequality —x =0. 3

X +5

(b)  The diagram below shows the graph of y = f ().

AY
(0-5)

(—1.0)

On the separate page provided at the end of this paper, sketch the following transformations,
showing all asymptotes and intercepts and submit it with the rest of your solutions to Question 6.

0  y=yfx 1
(i) [y|=f(/x]) 2
(c) By making the substitution t = tang, show that cosec + cot8 = cotg 2
(d) A class of fifteen mathematics students are seated around a circular table to discuss 3

mathematical problems. If the seats are randomly assigned, find the probability that
four particular students, Sam, Toby, Euan and Will, are not all seated together

as a group of four. Give your answer in the simplest form.

End of Question 6
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Question 7 Begin answer on a new piece of paper 13 Marks

(a) (i)  Find the domain and range of y = 2cos™1(x? — 3). 3
(i)  Hence, sketch the graph of y = 2cos™(x? — 3) showing all important

features. 2

(b)  The radius of a sphere is increasing at the rate of 0.05 cm s 2. 2

Find the rate at which its volume is increasing when the volume is 288z cm®

(©) The parametric equations of a curve are x = cos (2t) and y = sin (4t), t € [0, «t].

(1) Find the Cartesian equation of the curve. 2

(1)  Hence, sketch the curve on Cartesian number plane about one third of
a page in size. 2

(d) The letters of the word MONKEYS are to be arranged in a row. 2
Find the number of ways that the letters K and E will be separated by at least 2 letters.

End of Question 7
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Question 8 Begin answer on a new piece of paper 12 Marks

.1 1 —17.aN _ -1 2 .
(@  Show that sin (m) + tan™"(e%) = tan (e—a-ea>’ where a is
a non-positive real number. 3

(b) The diagram shows two rectangular prism tanks, P and Q connected by a small valve, with base

dimensions a cm by b cm and av/2 cm by bv/2 cm respectively.

Hcm p

bcm ——

acm av2 cm

bV2 cm

Initially, tank P is full of liquid and tank Q is empty.

At time t = 0, the small valve opens and the liquid from tank P passes
into tank Q. The height of liquid in tank Q increases at a rate proportional to
the difference in the heights of liquid in the two tanks.

At a time t, the level of liquid in tank Q is h cm.

(i) Show that % = k(H - 3h), where k is a positive constant.
Hint: Let x be the drop in height of the water in tank P at time t. 3

(i) Show that h = %(1 — e~3kt ) is a solution to the differential equation in part (i). 1

(iii) After 4 seconds, the level of liquid in tank Q is 10% of H. 2
Find, as a percentage of H (correct to the nearest percent), the level

of liquid in tank Q after 16 seconds.

(©) Find the number of ways in which the letters of the word PERCEPTIVE can be

arranged if:
(i) There are no restrictions. 1
(if) All the vowels are separated. 2

End of Question 8
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Question 9 Begin answer on a new piece of paper 12 Marks

(@ (i) Using compound angle results, show that sin3x = 3sin x —4sin® x. 3

(if) Consider the equation sin 2x =sin3x.

. T . . . .
You are given that X = 5 IS a solution to this equation.

r . . : :
Show that x = ?ﬂ is another solution to this equation. 1

(iii) Hence, find the exact value of cos%r.

(b) A 3x3grid is to be filled with numbers from the set {-1,0,1}, 2
with repetition of the numbers allowed.

Prove that among the sums, by rows, columns and diagonals,
there are at least two of these sums that are equal.

(c) Shikung and Andrew are competing against each other in a competition in
which the winner is the first to score five goals. The outcome is recorded
by listing, in order, the initial of the person who scores each goal.

For example, one possible outcome is recorded as SAASSASS.

(i) Explain why there are five different ways in which the outcome
could be recorded if Andrew scores only one goal in the competition.

(it) In how many different ways could the outcome of this competition
be recorded?

End of Examination
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Name: Class:

Answer Sheet for Question 6 (b). Detach and staple together with your solutions for Question 6.

0 y=Vf® Ay

@) [yl=f(x)

4
>
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Number of students expanded x(2x + 5)?, used long division to factorise and spent

more time solving the inequality.

b) & y=Jf® y

) Iyl=r(x)

1 mark for the correct shape fory = f(|x|)

1 mark for the correct shape

Vertical tangent at (—1,0)
Intersecty = f(x)aty =1
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Some forgot to graph y = —f(|x|)
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Mostly well done on this part. However, some misunderstood the question.

“Sam, Toby, Euan and Will, are not all seated together as a group of four.”
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Method 1:

Nurnber of ways with K and E together=61*2

Number of ways with K and E and one letter in between=5!*2*5

Number of ways with at least 2 letters between K and £=71-6!*2-51*¥2*%5=20*51=2400 ways
Method 2:

If Eis the first letter from left in the arrangement, there are 4 positions for k to have at least 2 letters
in between. If E is the Second letter from left in the arrangement, there are 3 positions for K. If E is
the third Letter from left in the arrangement, there are 2 positions for K. If E is the fourth Letter from
left in the arrangement, there is one position for k. You wouid have similar scenario with the letter K
before the letter E from left. The number of arrangement of the other 5 letters is 51,

So the number of arrangement is 51*¥21*¥(4+3+2+1)=20%5[=2400 ways. ‘
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Year 11 Extension Task 3 2024 Q9

Suggested Solutions Marks Marker’s Comments
(a) First mark for first
(i) expansion/appropriate
start.
sin 3x = sin(2x + x)
= sin 2x cos x + cos 2x sin x 1 Second mark for second
S .
= (2sinx cosx) cosx + (1 — 2sin? x) sinx e?(pan510n converting to
1 sines.
= 2sinx (1 —sin? x) + sinx — 2sin?x
= 3sinx — 4sin®x 1 Third mark for final result.

(i) We are given that % is a solution to sin 2x = sin 3x. We now show

that 3{ 1S a solution, too.

Consider then

_ (2 37r> _ (3 37r>
sin z sin =)=

61 91
= sin (n - ?> — sin (? - 2n>
= sin (— g) —sin (—g)

Hence

3 . .
and so x = ~ isa solution, too.

No issues with this
question.

Only one mark available.
Students must have
handled this analytically
and have used correct
logical reasoning.

A calculator could not be
used to verify.

Students could not have

started by assuming

) (2 3n>_ . (3 3n>
Sin 5 = Sin 5

and showing something
equivalent unless they
stated they were using
logical equivalency (no

one did).

Many students attempted
to solve this one-pointer
question by producing a
solution that would have

shown itself in part




(iif)
sin (2 3%) = sin (3 3%) (by (ii))
= 3sin (%) — 4sin? (3?“) (by (i))

so, by expansion on LHS:

2 sin (%) cos (3?“) = 3sin (%) — 4 sin? (3%) (1)

. . 3
and since sin (?) # 0, we have

2 cos (%) =3-4 (1 — cos? (%)) . (2)

so, letting ¢ = cos (3?”), we have

1 1
2 _ S
C 2C 4
(=) == ¢ )
c 1) =16 comp. square

1445
4

c

31

3 . .. .
Now, g < ?n < 1T, SO COS (?) < 0, hence we reject the positive solution.

So,

5

cos (3n> 1 —4\/§

(ii1)...this was a lot of
work for one mark and not

always successful.

First mark for establishing

(D.

Students who did not
substitute 3?” immediately

and stayed with the
variable x, and who
arrived at the situation
sinx (4 cos? x — 2 cos x
-1)=0
and moved straight to
4cos?x —2cosx—1
=0
without dealing with the
logical conclusion that
sinx = 0 also solves the
equation, were penalised.
You cannot ignore logical
consequences of an
argument because they are
inconvenient.

Second mark was awarded
for establishing (2)
correctly.

Third mark awarded for
deducing

<3n) _1- V5
cos = 2

but students must have
argued why the negative

solution was indeed the
case.




(b)

We have a 3 X 3 grid, each allotment allowing for one of the numbers

—1, 0,1 with repetition allowed. We have to consider all possible sums

across rows, columns and diagonals. We see that the sums are bounded

by +3 and -3, and that it is possible to construct all sums in between:

-3,—2,—1,0,1, 2, 3; that is, there are 7 possible sums. This is ONE

such construction:

Entry Entry Entry Sum
-1 -1 -1 -3
-1 -1 0 -2
-1 0 0 -1

0 0 0 0
0 0 1 1
0 1 1 2
1 1 1 3

Within the grid, there are 3 rows, 3 columns and 2 diagonals, making for

8 possible configurations over which to sum.

If we designate the sums as ‘pigeonholes’ and the configurations as

‘pigeons’, by the pigeonhole principle, there are is at least one

pigeonhole (sum) ‘containing’ at least [g] = [1 + %] = 2 pigeons

(configurations).

That is, there are at least 2 of the rows, columns or diagonals assigned to

the same sum.

This problem was handled
well by the majority of
students.

First mark for establishing
correctly either one of the
‘pigeons’ or ‘pigeonholes’.

Second mark awarded for
arguing correctly to the
conclusion.




(c)

Shikung (S) and Andrew (A) compete where the winner is the first to

score five goals.

(i)

(ii)

If A scores only one goal and S scores 5, we seek all
arrangements of the six letters of the word SSSSSA,
excluding the one word ending with 4 since in that instance,

S has won, will not play. We have then

5 1=5

ways in which S can win if 4 scores only one goal.

We consider the number of ways in which S could win, and
then double the result to include the number of ways A could
win (by symmetry).

There is a direct way of performing the following calculation,
though this method was the method adopted by most

candidates, so it is the one given.

If S wins, S must be the last to score a goal. We must also
have S winning 5 times. A, though, can win anywhere from 0
to 4 times (A cannot win 5 times here since only S winning
overall is being considered).

We will generalise a structure. Let A win k times and S win 5
times. We consider arranging the (5 + k)-letters

SSSSSA---A
k

where in every instance, the last letter is S:

[S,S,S,S,A ---AlS
k

Part (i) was handled very
well, no issues. Majority
argued correctly. Only one
mark available.

Part (i1) was completed
well, too.

First mark warded for a
reasonable combinatorial
argument (reasoning had
to make sense, there
needed to be some written
argument, even though it
may have been ultimately
incorrect.

Second mark awarded for
all correct reasoning. A lot
of students answered this
question correctly.




Number of

words
4+ k)
4! k! x1
4!
_ —_ 4
4!><1— Cy
5!
5
—4!1'><1 Cy
6!
_ 6
412! 1="C
7!
7
413! 1="C
8!
_X1:BC4

Since each of the cases are disjoint, we
have by the addition principle, the total
number of ways that S may win as:

8
Z ic, = °Cs (hockey — stick identity)
i=4

=126

The situation for A winning is
symmetrical, so there are 126 ways in
which A may win.

Hence in total, there are 2 X 126 = 252
ways in which a player may win.




