BAULKHAM HILLS

2024 | PRELIMINARY YEARLY EXAMINATION

Mathematics Extension

General + Reading time — 10 minutes
Instructions + Working time — 2 hours

+ Write using black pen

+ Calculators approved by NESA may be used

+ A reference sheet is provided at the back of this paper

* In Questions 11 — 14, show relevant mathematical reasoning
and/or calculations

Total marks:  Section | — 10 marks (pages 2 —4)
70 + Attempt Questions 1 - 10

« Allow about 15 minutes for this section

Section Il - 60 marks (pages 5 — 8)
+ Attempt Questions 11 — 14
+ Allow about 1 hour and 45 minutes for this section



Section I
10 marks
Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer page in the writing booklet for Questions 1 — 10.

1 How many ways can 7 people be seated around a circular table if 2 particular people,
Preksha and Chloe, do not wish to sit next to each other?

A. 480
B. 718
C. 2880
D. 3360

2 A parabola has the parametric equations x =¢—2 and y =2¢> —1.What is the
Cartesian equation of the parabola?

A, y=2x"+4x-1
B. y=2x"+4x+1
C. y=2x"+8x-7
D. y=2x"+8x+7

3 When P(x) is divided by x* +5x — 6, the remainder is the polynomial R(x)=2x-5.
What is the remainder when P(x) is divided by (x — 1)?

A -7
B. -6
C. 3
D. 7



If%<A<7r, and 7z'<B<37ﬂ with cos A =t and sin B =t, then which of the

following is equivalent tosin(4+ B) ?

A. 0

B. 1

C. 2t°-1

D. 1-2#

Which of the following is equivalent to ﬂ?
sin 2x

A. l-cot2x

B. 1

C. cotx

D. tanx

Which of the following is an expression for % if y=+25-x" and % =2?

A, —4x\25-x*
B. —2xv25-x°

C. i
25-x2
D. i
25— x2



10

The solutions to the equation sin118sin36 = « , will always be the same as the
solutions to which of the following equations?

S 0w »

cosl40—cos80 =«
cos8@ —cosl40 =«
cos148 —cos80 =2a

cos89—cosl4l =2«

Let (x—1)P(x) =16x" —=20x" + 5x —1.1f P(x) = (4x’ + ax—1)°, what is the value of a?

A.

B.

0

1
2
1

2

Lawrence is about to walk up a set of stairs with 8 steps. He can take either one or
two steps at a time. In how many different ways can he walk up the set of stairs?

A.
B.
C.
D.

5
20
34
163

In how many ways can the letters of the word COMPLEMENT be arranged if the
letter M’s are separated and the letter E’s are separated?

O 0w »

544320

545580

564480

584640

End of Section I



Section II
60 marks
Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate section of the writing booklet. Extra writing paper is
available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (16 marks) Use the Question 11 section of the writing booklet.

(a) Use a compound angle formula to find the exact value of cos75°. 2
(b) (i) Find the value of k if x—2 is a factor of P(x)=2x" +x" —kx+6. 1
(i1)) Hence, solve P(x)=0. 2
(¢) (1) Show that cotéd—cot268 =cosec?26. 2
(i1) Hence find the exact value of cot15°. 1

(d) If a, B and y are roots of 2x’ —5x° +3x—5=0, find the value of:

() af+ay+py 1
(i1) L+L+L. 2
ay Pr op
+4

(e) Solve 2

(f) The digital sum of a natural number is defined to be the sum of its digits. For example,
the digital sum of 123 is 1 +2 + 3 =6.

Nineteen two-digit numbers are randomly selected. Prove that at least two of them 2
have the same digital sum.

End of Question 11



Question 12 (16 marks) Use the Question 12 section of the writing booklet.

(a) The diagram shows the graph of f(x)=2-2¢".

On the separate grids provided in your answer booklet, sketch the graphs of:

U
1H y= )
(i) |y|=/(-x)

(b) (i) Find the domain AND the range of the function y =sin™' (% - 1) .

(i) Sketch the graph of the function y =sin™ (% - 1} .

(c) A polynomial is given by P(x)=x"—2x" —6x> +20x> —19x+6.
(1) Prove that x =11s a root of P(x) of multiplicity 3.
(i1) Factorise P(x) completely.

(ii1)) Hence, solve P(x)>0.

(d) Prove that sin(2 sin”' x+cos™’ x) =1-x".

—6—



Question 13 (15 marks) Use the Question 13 section of the writing booklet.

(a) An egg at room temperature, 20°C, is placed in a saucepan of boiling water which is
maintained at 100°C. When the egg has been in the boiling water for # minutes the
internal temperature of the egg is 7°C. The rate at which the internal temperature of
the egg rises is proportional to the difference between the egg’s internal temperature

and that of the boiling water, so that 7 satisfies the equation le—T = k(T - 100) , where
t

k 1s a constant.

(i) Show that T =100+ 4e" satisfies the equation.

(i) The internal temperature of the egg rises to 60°C after 10 minutes.
Find the values of 4 and £.

(ii1)) How long does it take the internal temperature of the egg to reach 90°C?

(iv)  What would happen to the internal temperature of the egg if the egg was left in
the water indefinitely? Justify your answer.

(b) A function is defined by f(x) =(x+2)" -9, for 2<x<2.
(i)  Find the equation of the inverse function y = f' (x)

(i)  On the same number plane, sketch the graphs of y = f (x) and y=f"" (x),
showing clearly the coordinates of the intercepts on the coordinate axes and the
endpoints.

(i)  Find the x-coordinate of the point of intersection of the curves y = f (x) and

y=f" (x) , giving the answer in simplest exact form.

(¢) (1)  Write down the expansion of x(1+x)" in ascending powers of x.

(i)  Hence show that 2"C, +3"C, +...+n"C, , = (n+2)(2"" - 1).

W



Question 14 (13 marks) Use the Question 14 section of the writing booklet.

(a) A balloon in the shape of a cylinder with height / and radius r, expands so that 4 is
always proportional to r, that is & = kr for some constant &. When » = 4 cm. the
volume is increasing at the rate of 0.2 cm’s™.

[The formula for the volume of a cylinder is ¥ = zr*h and the formula for the surface
area of a cylinder is A =2zr(r+h) |

AN
N

(1)  Show that when r =4 cm, the rate of change of the radius is given by
dr 1 4
—= cms™.
dt 2407k

(ii)  If the surface area of the balloon is increasing at the rate of 0.1 cm®s™ when
r =4 cm, find the value of the constant of proportionality, £.

(b) Consider the word PHOTOGRAPHS.
(i)  How many arrangements of the letters of the word are possible?

(1)  What is the probability that there are exactly four letters between the two H'’s
when the letters of the word PHOTOGRAPHS are arranged in a straight line?

(c) (i) Show that "'C,-"C.="C,_, forr=1,2,3,...,n.
(i)  Hence find the value of °C, + *C, + °C, +...+ '"C,.

End of Paper
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